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SUMMARY 
The close-approach problem associated with vor tex- la t t ice  methods was ex- 
amined numerically with the  objec t ive  of ca lcu la t ing  v e l o c i t i e s  a t  a r b i t r a r y  
points ,  not j u s t  a t  midpoints, between the vor t ices .  The objec t ive  was achiewd 
using a subvortex technique i n  which a vortex s p l i t s  i n t o  an increasing number 
of subvortices a s  it is approached. The technique, incorporated i n  a two-dimerr 
s iona l  po ten t i a l  flaw method using "submerged" vo r t i ce s  and sources,  was evalu- 
a ted  f o r  a cambered Joukowski a i r f o i l .  The method could be extended t o  three  
dimensions, and should improve non-linear methods, which ca l cu la t e  in te r fe rence  
e f f e c t s  between mult iple  wings and vortex wakes, and which include procedures 
f o r  force-f r ee  wakes. 
INTRODUCTION 
A fundamental problem associated with vor tex- la t t ice  methods (e.g., r e f .  1) 
is t h a t  appreciable e r r o r s  can occur i n  v e l o c i t i e s  ca lcu la ted  c lose  t o  the  d is -  
c re t ized  vortex shee ts  because of t h e  s ingu la r  nature of the  induced ve loc i ty  
expression. This problem has been circumvented i n  t he  p a s t  by ca lcu la t ing  
"near-field" v e l o c i t i e s  only a t  spec i a l  po in ts ,  e.g., midway between the  vo r t i -  
ces,  and by employing in te rpola t ion  f o r  intermediate pos i t ions .  For calcula- 
t i ons  involving mult iple  vortex sheets, (e.g., r e f s .  2 and 31, t he  near-f ie ld 
problem o f t en  requires  t h a t  adjacent  l a t t i c e s  be made t o  correspond across  t h e  
gap between t h e  sheets .  Hawever, sucll a so lu t ion  is  no t  p r a c t i c a l  i n  vortex- 
l a t t i c e  methods which incorporate i t e r a t i v e  procedures f o r  force-free wakes, 
( re fs .  3 through 11). Although these methods have proved very v e r s a t i l e  i n  
general,  close-approach s i t u a t i o n s  involving mult iple  d i sc re t i zed  vortex shee ts  
requi re  ca re fu l  t.reatment, and, i dea l ly ,  t h e  near-f ie ld problem should be re- 
moved. 
The object ive of t h i s  inves t iga t ion  was t o  develop a near - f ie ld  modifica- 
t i on  f o r  the d i sc re t e  vo r t i ce s  which would allow v e l o c i t i e s  t o  be ca lcu la ted  
anywhere i n  t he  f:ow f i e l d ,  not  j u s t  a t  t he  spec i a l  points .  Such a capab i l i t y  
would pa r t i cu l a r iy  bene f i t  the ana lys is  of h i g h - l i f t  configurat ions and the  ca l -  
cu la t ion  of o ther  c lose  in te r fe rence  e f f e c t s  between wings and vortex shee ts  
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(or  vor t ices )  such a s  occur i n  configurat ions with lesding-edge or tip-edge 
vor t ices .  
Although t h e  presen t  paper dea ls  with the near-f ie ld  problems i n  two-di- 
mensional flow, t h e  extension t o  t h r ee  dimensions ( p a r t i c u l a r l y  f o r  methods 
having a force-free wake) is a major considerat ion throughout. The development 
of the  technique described here in  is presented i n  more d e t a i l  i n  references 12 
and 13. 
EXTENT OF THE NEAR-FIELD REGION 
To evaluate  t h e  ex t en t  of t he  near-f ie ld  region, t he  ve loc i ty  d i s t r i b u t i o n  
was examined f o r  a f l a t ,  two-dimensional vortex shee t  with a p r a b o l i c  vo r t i -  
c i t y  d i s t r i b u t i o n  ( re f .  12) .  This d i s t r i b u t i o n  was d i s c r e t i zed  using f o r t y  
% vor t ices  with equal spacing, A.  Velocity d i s t r i b u t i o n s  were ca lcu la ted  over a 
region between two midpoints near t he  qua r t e r  pos i t i on  on the  segment { f ig .  
1 ( a ) )  and compared w i t h  t h e  ana ly t i c  values.  Erro.7 contours a r e  shown i n  f ig-  
u re  l ( b ) .  The d i s c r e t i z a t i o n  gives  neg l ig ib l e  e r r o r s  f o r  both components of  
ve loc i ty  i n  the region beyond l A  fr9m t h e  sheet .  In  e f f e c t ,  t he  "holesn i n  t h e  
% representat ion a r e  no t  sensed u n t i l  we e n t e r  the  1 A  region. Ins ide  t h e  1 A  re- 
gion the  e r r o r s  increase rap id ly  except along spec i a l  l i n e s  o f  approach t o  t he  
sheet.  For the  normal ve loc i ty  component, t he  zero-error l i n e s  follow approxi- 
mately the normals t o  t h e  shee t  a t  t he  po in t s  midway between the  v o r t i c e s  and 
a l s o  a t  t h e  vor t ices .  (Deviations from the  normal l i n e s  occur because of t h e  
gradient  i n  v o r t i c i t y  across  t h e  region.) Both sets of pos i t ions  on t h e  sur-  
face ace used i n  t h e  non-linear vor tex- la t t i ce  method, (e.g., r e f .  3 ) ,  i.e., 
t he  midpoints a r e  used a s  cont ro l  po in t s ,  a s  i n  t h e  s tandard vo r t ex - l a t t i c e  
theory, and t h e  vortex po in t s  a r e  used when applying the  Kutta-Joukowski law 
f o r  l o c a l  forces  and a l s o  when performing the  t ra i l ing-vor tex  ro l l -up  calcula-  
t ions.  The zero-error l i n e s  f o r  the  tangent ia l  ve loc i ty  component a r e  l e s s  
w e l l  known; these  l i n e s  e n t e r  t h e  near-f ie ld  region above t h e  qua r t e r  and t h r e e  
qua r t e r  pos i t ions  between t h e  vo r t i ce s ,  and approach t h e  vortex loca t ions  along 
approximately e l l i p t i c a l  paths .  A l l  t h e  zero-error pa ths  a r e  s i t u a t e d  on ex- 
treme "precipicesn i n  t he  e r r o r  contour map; small  dev ia t ions  from the paths  
r e s u l t  i n  l a rge  e r r o r s  and lead  t o  the  near - f ie ld  problems. 
NEAR-FIEID MODELS 
The previous sec t ion  ind ica ted  t h a t  e r r o r s  a r i s i n g  from t h e  d i s c r e t i z a t i o n  
of a vortex shee t  become appreciable only within t he  l a  region. Clear ly ,  i f  
we wished t o  ca l cu l a t e  v e l o c i t i e s  very c lose  t o  the  d i s c r e t i zed  vortex shee t ,  
we r w l d  simply decrease t h e  size of A by increasing t h e  number of vo r t i ce s ;  
however, f o r  three-dimensional problems the  computing time could then become 
prohibitive. An a l t e r n a t i v e  so lu t ion  is t o  apply a near-f ie ld  treatment t o  
the vort ices .  This treatment would be appl ied only t o  those vo r t i ce s  t h a t  a r e  
within a spec i f ied  near-f i e l d  rad ius  (e. g. , 1 A )  from the  po in t  where t he  
veloci ty  is  being calculated.  A number of near-f ie ld  models were considered. 
A core model o f f e r s  t he  s implest  near-f ie ld treatment which removes t h e  
s ingular  behavior of t h e  ve loc i ty  f i e l d .  In  such a model t h e  ve loc i ty  induced 
by the  vorLex is factored l o c a l l y  s o  as t o  remain bounded a t  t h e  vortex center .  
The Rankine vortex and Lamb's viscous vortex a r e  w e l l  known examples, bu t  t he re  
a r e  o the r  poss ib le  forms. Core models h a w  been used i n  t h e  p a s t  t o  smooth the 
motions of vo r t i ce s  used i n  two-dimensional rol l -up ca lcu la t ions  (e.g. refs. 14 
and 15).  Several core models were t e s t e d  using the d i sc re t i zed  paraboi ic  vor- 
t i c i t y  shee t ,  bu t  none were found s a t i s f a c t o r y  f o r  both components of veloci ty .  
For example, they f a i l  t o  r e s t o r e  t he  tangent ia l  component of  ve loc i ty  near t he  
vortex sheet .  This can be seen i n  f i gu re  2, which shows t h e  e r r o r  contours f o r  
a Rankine vortex model with a core diameter of A. Although t h e  t angen t i a l  velo- 
c i t y  e r r o r s  appear s l i g h t l y  worse than f o r  t h e  unmodified vortex (compare f i g s .  
l ( b )  and 2 ) ,  t he  normal component e r r o r s  are improved, on the  whole, wi th in  t h e  
core. But t he  e r r o r  l e v e l s  a r e  still s ign i f i can t ,  and t h e  zero-error l i n e s  no 
longer approach the  vortex points .  Other near-f ie ld models w e r e ,  therefore ,  
considered i n  which t h e  vortex i t s e l f  is modified, its s t r eng th  being e f f ec t -  
ive ly  d i s t r i bu ted  along a l i n e  represent ing t h e  l o c a l  pos i t i on  of the  vortex 
sheet.  This inves t iga t ion  l e d  t 3  t he  subvortex technique. 
SUBVORTEX TECHNIQUE 
A technique was developed i n  which t h e  s t rength  of a near-f ie ld vortex is  
d i s t r i bu ted  by s p l i t t i n g  it i n t o  a number of  small vo r t i ce s ,  i . e . ,  subvortices.  1 
These a r e  d i s t r i bu ted  evenly along t h e  vortex shee t  joining t h e  vortex to its 
two immediate neighbors. The joining sheet  is not  necessar i ly  a s t r a i g h t  l i n e ;  j 
t h e  subvort ices  can be placed on an in te rpola ted  curve passing through t h e  basic 
vor t ices ,  and t h i s  allows a c lo se  representat ion of curved vortex sheets .  Half 
i n t e rva l s  separa te  t he  bas i c  vo r t i ce s  from t h e  neares t  subvort ices  ( f i g .  3 (a) 1 , 
and s o  t h e  bas i c  vortex pos i t ions  become midpoints i n  t h e  subvortex system. 
This f ea tu re  improves t h e  accuracy of t he  ca lcu la ted  ve loc i ty  a t  t h e  bas i c  vor- 
t i c e s  (see "e r ro r  contours") . 
The subvort ices  must have a combined s t r eng th  equal t o  t h a t  of t he  associ- 
a t .  4 bas i c  vortex. I n  t h e  technique as used here,  t h e i r  s t r eng ths  vary l inearly i 
w i t h  d is tance from t h e  bas ic  vortex pos i t ion .  When severa l  neighboring bas i c  , I 
i .  
v o r t i ce s  a r e  t r e a t e d  i n  t h i s  way, t h e  l o c a l  e f f e c t  approaches t h a t  of a piece- 
wise l i n e a r  v o r t i c i t y  d i s t r i bu t ion .  Clear ly,  higher o rde r  d i s t r i b u t i o n s  could t 
be used, bu t  would involve more than one bas ic  vortex i n t e r v a l  on each s ide .  
The number of subvortices used is such t h a t  t he  poin t  where the  ve loc i ty  
is being ca lcu la ted  cannot "see t h e  holes" i n  the  d i sc re t i zed  vortex sheet ,  
i .e . ,  the  poin t  is kept j u s t  outs ide the new l o c a l  l A  region of the  subvortex 
system. Figure 3(b) shows how t h i s  works using the  following expression f o r  
the  number of subvort ices  on one s i d e  of t h e  bas i c  vortex: 
NSV = integer-part-of (1 + A/H) 
where H is  the normal dis tance of t h e  poin t  from t h e  segment. Use of t h i s  ex- 
pression keeps the  number of subvort ices  t o  a minimum and helps  t o  keep canpu- 
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t i ng  costs  dawn. When applied t o  the  volt-.ex-lattice methods, t h e  midpoints be- 
tween the  vort ices (i.e., the control points)  should remain midpoints i n  the  
subvortex system; NSV must then be even, i .e . ,  a s  shown dotted i n  f ig .  3(b) .  
A maximum l i m i t ,  NSVw, is placed on the number of subvortices t o  avoid 
a runaway condition when the  height H approaches zero. This l i m i t  controls  
the  c loses t  approach t h a t  can be made t o  the vortex s h m t  before the  new loca l  
1 A  region of the  subvortices is entered. I t  can therefore be used t o  control 
the "accuracy" of the calculat ion i n  a trade-off with computing time, i .e. ,  
by increasing the  l i m i t  the e r ro r  region would decrease i n  s i z e ,  but the  com- 
puting t i m e  would increase, and vice-versa. To mini7:ize calculat ion e r ro r s  
inside the  l h  region of  the  subvortex system, each subvortex has been modified 
with a Rankine vortex core of diameter s l i g h t l y  less than the subvortex spacing. 
This smears out  the  tangential  veloci ty discontinuity associated with the vor- 
t ex  sheet,  but only over the  new, diminished error-region. When representing 
f ree  vortex sheets ,  t h i s  smeared region could be re l a t ed  t o  the  thickness of 
the  viscous wake i n  r e a l  flow. 
Although the  veloci ty er rors  become s ign i f i can t  only within the  1 A  region, 
the near-field radius, within which the subvortex technique is applied, had 
t o  be increased t o  !ib t o  obtain the  required accuracy (2 0.5% e r ro r )  . The 
reason f o r  t h i s  extension is tha t  the  induced vdlocity from the "distributed" 
model does not match t h a t  from the  bas ic  vortex u n t i l  some distance away ( re f .  
12). 
Error Contours 
The technique was tes ted  on the discret ized parabolic vor t i c i ty  distr ibu- 
t ion  considered ea r l i e r .  The e r ro r  contours ( f ig .  4 )  a re  reduced t o  a very 
small region adjacent t o  the vortex sheet where the  approach is c loser  than +he 
subvortex spacing. The extent  of t h i s  e r r o r  region depends on the  maximum limit 
placed on the number of subvortices. In these  calculat ions NSV was 10. MAX 
The nonnal component of veloci ty calculated a t  the vortex locations has 
always been s l igh t ly  l e s s  accurate than t h a t  calculated a t  points  midway be- 
tween the  vort ices.  (The vortex points are  ef fec t ive ly  midpoints i n  a coarser 
d iscre t iza t ion . )  For the  present d iscre t ized  parabolic v o r t i c i t y  d i s t r ibu t ion ,  
the  e r ro r  a t  the  vort ices i n  the region considered (see f ig .  l ( a ) )  is 2.8% com- 
parsd with 0.03% a t  the  midpoints. With the  subvortex technique applied, the  
e r ro r  a t  the  vort ices decreases t o  0.2%; t h i s  reduction is helped by the f a c t  
t h a t  the basic vortex locations become midpoints i n  the  subvortex system. 
SUBMERGED SINGULARITIES 
The subvortex technique was incorporated i n  a two-dimensional potent ia l  
flow method ( re f .  13) aimed a t  calculat ing pressures a t  a rb i t r a ry  points  on 
a i r f o i l  surfaces. For t h i s  purpose, the e r r o r  region associated with the sub- 
vortex system was enclosed i n  the  contour by "submerging" the vort ices a small 
distance below t h e  sur face  ( f ig .  5). The bas i c  vo r t i ce s  (before submerging) 
were positioned on the  a i r f o i l  surface using equal  angle  increments i n  a cosine 1 
equation appl ied t o  dis tance along the  contour. In t h i s  spacing system, ha l f  
angles separate  the  i n i t i a l  vortex pos i t ions  from t h e  cont ro l  po in ts  where the 
boundary condition of tangent ia l  flow is specif ied.  This i s  an adaptat ion of 
Lan's work ( re f .  16 ) ;  it keeps the  s ingu la r i t y  s t r eng th  d i s t r i b u t i o n  more uni- 
form when passing through " d i f f i c u l t "  regions such a s  leading and t r a i l i n g  
edges and f l a p  hinge l i n e s .  With t h i s  po in t  d i s t r i bu t ion ,  the  f i r s t  cont ro l  
point  is located a t  t he  t r a i l i n g  edge, and so  the  Kutta condition is appl ied by 
specifying the flow d i r ec t ion  there ,  e.g., t!!e d i r ec t ion  along the  mean l i n e .  
From t h e i r  i ! l i t i a l  surface pos i t ions ,  t he  bas i c  vor t ices  a r e  submerged 
along the  loca l  normals t o  t he  surface by a f r a c t i o n  of A ,  i .e., SDFA . The sub 
merged depth f ac to r ,  SDF, is constant  over t he  whole contour except i n  the  
trail ing-edge region where it automatically decreases along the  s ing le  shee t  
( f i g .  5). The cont ro l  po in ts  remain on the  a i r f o i l  contour except i n  t he  region 
very c lose  t o  the t r a i l i n g  edge; here,  corresponding upper and lower cont ro l  
points  a r e  combined and moved t o  t he  mean lime. Hence, t h e  model adjacent  t o  
t h e  t r a i l i n g  edge resembles a camber l i n e  model. Because of  t h i s  modelling, 
there  a r e  more cont ro l  po in ts  than unknown s i n g u l a r i t i e s ,  and so  the  equations 
a r e  solved i n  a least-squares sense. 
The subvortices a r e  placed on s t r a i g h t  segments joining the  b a s i c  vo r t i ce s  
(see f i g .  6 ) .  They a r e  posi t ioned i n  accordance with equal angle increments i n  
the  same system a s  the bas ic  vo r t i ce s  ( re f .  13) .  
For t he  three-dimensional case,  quadr i l a t e r a l  vo r t i ce s  have been found 
convenient f o r  modelling a r b i t r a r y  geometry con£ igura t ions  ( r e f s .  2,3 and 11) . 
The present  study, therefore ,  is based on the  two-dimensional form of t h a t  
model, viz . ,  opposing vortex p a i r s ,  ( f i g .  6 ) ,  which a r e  equivalent  t o  a piece- 
wise uniform normal doublet d i s t r i b u t i o r .  Such a model, forming a closed sur- 
face,  requi res  one doublet panel s t rength t o  be spec i f ied ,  otherwise t h e  system 
is indeterminate. Accordingly, t he  upper panel  adjacent  t o  t h e  crossover ( f i g  . 
6) is  spec i f ied  t o  have zero s t rength.  The boundary condition oquation associ- 
a ted  with the  cont ro l  point  above the  spe- i f ied  panel  is  s t i l l  included i n  the  
system of equations. The r e su l t an t  vortex s t rengths  a r e :  
where D a r e  t he  doublet panel s t rengths ,  i . e . ,  the s t rengths  of t h e  opposing k 
vortex pa i rs .  (Note t h a t  DN+l has been assumed zero.) 
Preliminary ca lcu la t ions  using vor t ices  alone ( r e f .  13) showed problems 
near the  leadina edge and near t h e  crossover of t h e  i n t e r i o r  vortex "sheets". 
These problems were a t t r i b u t e d  t o  i l l -condi t ion ing  of t he  boundary equations, 
pa r t i cu l a r ly  near the  crossover, because the  vo r t i ce s  were t ry ing  t o  provide 
thickness e f f e c t s  (as  wel l  a s  l i f t i n g  e f f e c t s )  from a small base. Source sing* 
l a r i t i e s ,  which a r e  more su i t ab l e  f o r  providing thickness e f f e c t s ,  were there- 
fore  included i n  t h e  model. The sources,  coincident with the  vo r t i ce s  and 
receiving the  same "subvortex" treatment,  have a simple s t r eng th  d i s t r i b u t i o n  
which provides t he  bas i c  thickness form symmetrically about t h e  mean l i n e  ( r e f .  
13) .  The sources pa r t i cu l a r ly  bene f i t  the  pressure ca lcu la t ions  i n  t he  leading- 
and trail ing-edge regions. 
RESULTS AND DISCUSSION 
Figure 7 shows the  pressure d i s t r i b u t i o n  ca lcu la ted  a t  120 sur face  poin ts  
t h a t  a r e  not r e l a t ed  t o  the vortex/control po in t  locat ions.  The a i r f o i l  is a 
cambered Joukowski represented by 46 vortex/sources w i t h  a submerged depth of 
0.1 and a near-f ie ld radius of 5 . Trapezoidal-rule in tegra t ion  of t h e  pres- 
sure  d i s t r i b u t  xi y ie lds  the  following l i f t ,  drag and moment coef f ic ien ts :  CL 
= 1.7040 (0.4% e r r o r ) ;  CD = -0.0069 (an e r r o r  of 0.4% of CL); and CM = -0.5377 
(0.26% e r r o r ) .  The calculated pressure values show good agreement with the  
exact  d i s t r i bu t ion ,  bu t  they show a minor tendency t o  o s c i l l a t e  near t h e  lead- 
ing  edge. The o s c i l l a t i o n s  can be reduced ( r e f .  13) by increasing t h e  dens i ty  
of t h e  subvortex system, but  che computing t i m e  increases  (53% increase i n  time 
f o r  a f ac to r  of 2 on the number of  subvortices) . 'Jse of a higher  order  i n t e r -  
po la t ion  scheme f o r  posi t ioning t h e  subvort ices  a l s o  reduces the  o s c i l l a t o r y  
tendency ( r e f .  13) .  The o s c i l l a t i o n s  can be eliminated by using a la rge  number 
of bas i c  s i n g u l a r i t i e s  (e.g., 90). It is  s i g n i f i c a n t  t h a t  t he  small  o s c i l l a -  
t i o n  disappears when there  is no suc t ion  peak, e.g., f i gu re  8 shows the  pres- 
sure  d i s t r i b u t i o n  f o r  t h e  same a i r f o i l  a t  zero incidence, t h e  C e r r o r  i n  this D 
case being 0.0002 o r  0.4% of CL. (This case had t h e  higher-order geometry rou- 
t i n e  f o r  posi t ioning the  subvortices.)  This implies t h a t  a higher-orderdrength 
va r i a t i on  f o r  the  subvort ices  might be usefu l  when using only a small number of 
bas i c  s i n g u l a r i t i e s ;  this would ensure t h a t  peaks i n  the  pressure d i s t r i b u t i o n  
a re  adequately represented. The higher-order rout ines  would only be appl ied 
loca i ly  i n  t he  problem areas.  
Figure 9 shows the  pressures  ca lcu la ted  a t  t he  same 120 a r b i t r a r y  po in t s  
as before,  bu t  with only 19 bas i c  s i n g u l a r i t i e s ;  using s o  few vortex unknowns 
would c l e a r l y  b~ an advantage i n  three  dimensions. The d i s t r i b u t i o n  i n  f i gu re  
9 corresponds with f igu re  12 i n  reference 13, bu t  t h e  subvortex system f o r  t he  
present  case was doubled. The higher-order geometry rout ine  f o r  pos i t ion ing  
the  subvortices was used, but  the  subvortex s t rength  va r i a t i on  was l i n e a r .  The 
ca lcu la ted  pressures  a r e  i n  good agreement with the  exac t  so lu t ion  except near 
t h e  leading edge. A higher-order s t rength  va r i a t i on  f o r  t he  subvort ices ,  a s  
discussed above, should improve t h e  ca lcu la t ions  i n  t he  peak suc t ion  region. 
Submerged Depth 
The submerged depth has a s ign i f i can t  e f f e c t  on the  solut ion.  Typical 
va r i a t i ons  i n  t he  e r r o r s  i n  in tegra ted  C C and CD with submerged depth L' M 
fac tor ,  SDF, a r e  presented i n  f igure  10. The e r r o r s  i n  C and C decrease ra- D M 
pidly as t h e  dpeth decreases, bu t  the  computing time increases  because the  
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number of subvort ices  must increase;  e.g., t h e  t i m e  f o r  SDF = 0.05 i s  35% high- 
er than t h a t  f o r  SDF = 0.1. A submerged depth o f  about 0.1 seems a reasonable 
compromise. 
Near-f i e  l d  Radius 
The near-f ie ld  radius  f a c t o r ,  NRF, when mul t ip l ied  by the  b value of a 
b a s i c  vortex,  def ines  a c i r c l e  centered on t h a t  vortex. Whenever a ve loc i ty  
ca lcu la t ion  poin t  comes in s ide  t h e  c i r c l e ,  then t h a t  ba s i c  vor tex  is modified 
by t h e  subvortex technique. Figure 11 shows the  e f f e c t  o f  NRF on t h e  force and 
moment e r r o r s  from the  pressure in tegra t ion .  They show exce l l en t  convergence 
c h a r a c t e r i s t i c s  a s  NRF increases ,  although CL appears t o  be converging towards 
an e r r o r  of t h e  order  of 0.5%. The e r r o r  i n  C based on c i r c u l a t i o n ,  however, 
L 
converges towards zero. The ca lcu la ted  pressure d i s t r i b u t i o n  a t  t he  a r b i t r a r y  
po in t s  improves a s  NRF increases ,  bu t  t he re  is l i t t l e  v i sua l  change i n  t h e  dis-  
t r i b u t i o n s  from t h a t  shown i n  f i gu re  7 (NRF = 5) f o r  NRF values  above &out 3.  
Computing time decreases rapidly a s  NRF is  reddced; a value of 3 ins tead  of 5 
f o r  NRF gives  a time saving of 3C%. 
CONCLUDING REMARKS 
Discre t iza t ion  of a vortex shee t  introduces s i g n i f i c a n t  ve loc i ty  e r r o r s  
only within a d i s tance  from the  shee t  equal t o  the  vortex spacing i n  the l a t -  
t i c e .  Core models appl ied t o  t h e  vo r t i ce s  he lp  t o  l i m i t  t h e  s i z e  of e r r o r s  but  
do not  reduce them t o  a s a t i s f a c t o r y  l eve l  when the  f i e l d  of i n t e r e s t  apyxoach- 
e s  c lose  t o  t h e  vortex sheet .  The region where s i g n i f i c a n t  e r r o r s  occur can be 
reduced t o  a small region of con t ro l l ab l e  width c lose  t o  the  vor tex  shee t  by 
t h e  use of the  near-f ie ld  model i n  which a d i s c r e t e  vortex s p l i t s  i n t o  an in-  
creasing ninnber of subvdrt ices  a s  i t  is  approached. The combination of  t h e  
subvortex technique with a concept t h a t  places the  s i n g u l a r i t i e s  ins ide  t he  
a i r f o i l  has r e su l t ed  i n  a method by which accurate  pressures  (and v e l o c i t i e s )  
can be ca lcu la ted  d i r e c t l y  ( i . e . ,  without i n t e rpo la t i on )  a t  any a r b i t r a r y  po in t  
on the  a i r f o i l  surface.  The method is  e s s e n t i a l l y  a numerical i n t eg ra t i on  pro- 
cedure, bu t ,  by developing it from the  vo r t ex - l a t t i c e  model, a useful  s e t  of  
r u l e s  a,id automatic procedures has  r e su l t ed ,  which makes t h e  method accura te  
a s  wel l  a s  e f f i c i e n t  when moving from near t o  f a r - f i e ld  regions.  The calcula-  
. ions  were enhanced by combining sources with the vor t ices .  
The r e s u l t s  obtained s o  f a r  i nd i ca t e  t h a t  t h e  number c f  b a s i c  s i n g u l a r i t i e s  
used t o  represent  an a i r f o i l  should be of the order  of 40 t o  50. However, t he  
r e s u l t s  a l s o  suggest t h a t  t he  use of a higher-order s t rength  va r i a t i on  f o r  the 
subvort ices  i n  regions of high pressure gradient  might allow t h e  number t o  be 
decreased .- possibly a s  low a s  20. Bearing i n  mind accuracy and computing e f -  
f o r t ,  the  optimum values f o r  the  submerged depth and f o r  t he  near-f ie ld  radius  
would appear t o  be of the  order  of  O . l A  and 3A, respec t ive ly .  The nethod could 
be extende3 t o  the three-dimensional case fo r  appl ica t ion  t o  vo r t ex - l a t t i c e  
methods, and should then allow close-approach s i t u a t i o n s  associated with multi-  
p l e  components and force- f ree  wake ca lcu la t ions .  
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Figure 1 . -  Velocity error calculat ions.  
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Figure 2.- Velocity error contours for a Rankine vortex core 
model. Core diameter = A. 
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(a) Arrangement of the subvortices for NSV = 4. 
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Figure 3.- The subvortex technique. 
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Figure 4.-  Velocity error contours for the subvortex technique. 
Near-field radius = 56. NSVmX = 10. 
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Figure 5 . -  Submerged singularity model with discrete  vortices .  
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piecewise constant doublet model. 
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Figure 7.- Pressures calculated a t  arbitrary points on a 
Joukowski a i r£  o i l  a t  10' incidence. Model : submerged 
vortices  and sources (coincident) with subvortex tech- 
nique applied ( l inear interpolation for pos i t  ion) ; 
46 basic s ingular i t ies ;  submerged depth = 0.1A; near- 
f i e l d  radius = 56. 
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Figure 8.- Pressures calculated a t  arbitrary points on 
a Joukowski a i r f o i l  a t  zero incidence. Model: a s  
i n  figure 7 but with higher-order interpolation for 
subvortex posit ions.  
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Figure 9 . -  Pressures calculated a t  arbitrary points 
on a Joukowski a i r f o i l  a t  10'. Model: a s  i n  
figure 7 but with 19 basic  s ingular i t ies .  
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Figure 10.- Effect of submerged depth factor, SDF, 
on the errors i n  the integrated force and moment 
coe f f i c i en t s .  Basic case a s  i n  figure 7 .  
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Figure 11.- Effect of near-field radius factor,  NRF, 
on the errors in  the integrated force and moment 
coef f ic ients .  Basic case as  i n  figure 7 .  
